A multi-item production-inventory model for a two-echelon supply chain model is developed in this paper. In supply chain we consider two players one is manufacturer and other is retailer. In the proposed model it is assumed that manufacturing process in not perfect and unit manufacturing cost is the function of production rate. During transportation, due to improper handling lot received by the retailer contains imperfect items. So, to maintain the goodwill in market screening process is carried out at retailer ends. Due to learning phenomenon, percentage of defective items present in each lot follows the learning curve. Partial back ordering is considered at retailer's ends. To increase the demand, supports of promotional activity such as advertisement is taken by the decision maker and cost of advertisement is bear by both the player. Two different approaches, one is integrated approach and other is leader-follower approach optimal solution of the supply chain has been obtained. Proposed model is illustrated with the help of numerical example and sensitivity analysis is carried out with respect to different parameters.
Introduction
With increasing business competition, short product life cycles, and taking response time to the customer as competitive weapons call for a more efficient supply chain management (SCM) through better cooperation and coordination among all members. Due to all these, supply chain management has gained significant importance by the inventory practitioners and researchers during 21st century for improving organizational competitiveness. Supply chain management has been considered as a competitive strategy for integrating manufacturers, retailers and customers with the objective of improving responsiveness and flexibility of manufacturing process.
Nowadays, initiatives to boost up the demand through promotional effort such as advertisement, free gifts etc. have a common practice in many retail outlets. Generally,these strategies are planned jointly by the retailer and the manufacturer. They also agree to share the costs invested in these initiatives. Several types of advertising policies are initiated by the decision-maker to increase the market demand. Advertisement policy on retail products (e.g. detergents, mobile, two-wheelers, packaged food products, textile, etc.) has a great impact on the demand profile.
Most probably Goyal and Gupta (1989) was the first who carried out the review of literature on the interaction between a buyer and a vendor. Their survey showed that coordination between a buyer and a vendor could be achieved by integrating lot sizing models. Goyal et al. (2003) developed an integrated vendor-buyer inventory model and provide a simple approach for determining an optimal policy for an item with imperfect quality. In their model, they assumed that defective items or poor quality items are not reworked but rather sold at a discounted price. Siajadi et al. (2005) formulated an integrated inventory system where a manufacturer purchases raw materials from a supplier. Manufacturer has target to produce a specific finished item. They considered that defective items can be reworked instantaneously at a cost and kept in stock. Szmerekovsky and Zhang (2009) developed a two-echelon consisting one manufacturer and one retailer with two-tier advertising option. They assumed that demand is function of the retail price and advertising by both players. Pal et al. (2009) developed an economic production quantity model for a newly launched product in an imprecise planning horizon. They assumed that price discount is offered at the beginning of each cycle to boost the demand. They considered the effect of learning on production cost and set-up cost. Sana (2010) developed a multi-item EOQ model for perishable and ameliorating item. They assumed that demand is dependent on time and on the enterprise's initiatives such as advertising and salesmen's initiatives. Yadav et al. (2012) addressed fuzzy inventory model for single item with imperfect-quality and shortage back ordering. They investigated the effect of learning factor and demand boosting factor such as advertisement. They consider the lot size and back ordering level as decision variable to maximize the net total profit. Xu and Lu (2013) studied a price-setting news-vendor model in which a firm needs to make joint inventory and pricing decisions before selling season. Cárdenas-Barrón and Sana (2014)developed two-echelon supply chain model with back ordering consisting one manufacturer and one retailer. They assumed that demand is the function of promotional efforts taken by sales teams and procurement cost is the function of production rate. Sana (2014) developed a two-stage supply chain for production-inventory system consisting of one manufacturer and one retailer. He assumed that demand is function of random variable and sales teams' initiatives. Sana takes production lot size, reorder point, sales teams' initiatives as decision variables. Dey and Giri (2014) developed a single vendor and single buyer integrated model with stochastic demand and imperfect production process. They consider the inspection process as the buyer end. With the help of numerical example they illustrated the advantage of investment in reducing the defect rate. Priyan and Uthayakumar (2105) developed a multi-constraint production-distribution inventory for two-echelon system with single vendor and single buyer. They considered the inspection process of the product at the buyer's end. To optimize the objective function they apply the Lagrangian multiplier method.Cárdenas-Barrón, and Sana (2015) developed multi-items in a two-layer supply chain where demand is sensitive to promotional effort. They assumed that supplier offers a trade credit period to the retailer for settling the outstanding amount of the purchasing cost.
It is observed that the performance of a person in industry who engaged in a repetitive task usually improves over time. In literature (Salameh et al. (1993) ), this performance improvement phenomenon is known as learning effect. Increased familiarization with the work environment and operation tasks, more proficient utilization of tools and machines, increased skills, and enhanced management efficiency are some factors of performance improvement. In many industries such as wooden toys, home and kitchen appliances, crystal wedding accessories, wrist watch, electrical products, etc., provides special training based on the phenomenon learning by doing. So, it is fruitful to consider the phenomenon of learning effect in inventory system especially for those industries deals with such type of businesses. Salameh et al. (1993) investigated the learning phenomenon in a production-inventory model and analyzed its effect on both optimum production quantity and minimum inventory total cost. Jaber and Salameh (1995) extended Salameh et al. (1993) model by allowing shortages which were fully backlogged. Jaber and Guiffrida (2004) developed production-inventory model by incorporating a composite learning curve, which is the sum of two learning curves. The first one describes the reduction in time for each additional item produced, and the second one describes the reduction in time for each defective item reworked. Tsai (2012) investigated a production-inventory model for recoverable items by considering learning effect in the recovery process. Yadav et al. (2013) develop an inventory model to deal the impreciseness present in market demand. They considered the screening process and assumed that due to learning with handling methodology and system, holding cost and ordering cost are gradually decreases from one shipment to another. investigated the supply chain model in which supplier offers full trade credit period to the retailer while in turn retailer provides a partial trade credit period to his/her customers. They assumed that demand rate is the function of selling price and trade credit and ordering cost reduces due to learning by doing phenomenon.
It is observed from literature that most of the inventory practitioners unrealistically optimized their problem by con-sidering that during stock out period either all the customer are ready to wait till their order is placed or no customer are ready to wait for their order. But it is logical to assume that some customers are willing to wait until their demand is fulfilled,especially when the waiting period is short, while others are more impatient and go elsewhere. Abad (1996) developed an inventory model by providing two sets of time-proportional backlogging rates:(i) linear time-proportional backlogging rate and (ii) exponential time-proportional backlogging rate. Giri and Yun (2005) developed an economic manufacturing quantity (EMQ) problem for an unreliable manufacturing system with partial backlogging. They assumed that machine is subject to random failure and at most two failures can occur in a production cycle. Yang et al. (2009) developed an inventory problem to find the optimal pricing and ordering strategies for non-instantaneous deteriorating items with partial backlogging and price dependent demand. Maihami and NakhaiKamalabadi(2012) developed the joint pricing and inventory control model for non-instantaneous deteriorating items with price and time dependent demand and partial backlogging. Shastri et al. (2013) developed a multi-echelon inventory model for deteriorating items with partial backlogging has been developed under inflationary environment. They found the optimal number of deliveries so that total joint inventory cost is minimum. Kumar and Goswami (2015) scrutinized the learning effect of the unit production time on optimal lot size for the uncertain and imprecise imperfect production process, wherein shortages are permissible and partially backlogged.
Based on all of the above literature survey, to fill the gap, a multi-item production-inventory model for a two-echelon supply chain model is developed in this paper. In supply chain we consider to player one is manufacturer and other is retailer. In the proposed model it is assumed that manufacturing process in not perfect and unit manufacturing cost is the function of production rate. During transportation, due to improper handling lot received by the retailer contains imperfect items. So, to maintain the goodwill in market screening process is carried out at retailer ends. Due to learning phenomenon, percentage of defective items present in each lot follows the learning curve. Partial back ordering is considered at retailer's ends. To increase the demand, supports of promotional activity such as advertisement is taken by the decision maker and cost of advertisement is bear by both the player. Two different approaches, one is integrated approach and other is leader-follower approach optimal solution of the supply chain has been obtained.
Assumptions and Notations

Assumptions
For developing the two-echelon (manufacturer-retailer) mathematical model of the inventory system, following common assumptions are used.
(1) Two-echelon supply chain is considered consisting of manufacturer and retailer.
(2) A single retailer places the order of 'm' different products to the manufacturer.
(3) Production process in not perfect and its reliability parameter is θ i for the production of ith item.
(4) Production rate is assumed to be greater than the demand rate.
(5) Unit manufacturing cost depends on the production rate.
(6) Demand rate is an increasing function of promotional efforts taken by decision-maker such as advertisement, free gifts, better services etc and decreasing function of selling price.
(7) Shortages are allowed at retailer's end which is partially backlogged.
(8) Shortages at manufacturer's end are not allowed.
(9) During the transportation from manufacturer to the retailer, due to improper handling some wear and tear occurs. So, retailer performs the screening process at their end to maintain goodwill in the market.
(10) Order received by the retailer consist good as well poor quality of item.
(11) Percentage of defective items p i (n) in each shipment follows the learning curve.
(12) Production rate, production lot size and shortage level are considered as decision variables.
Notations
With the help of following notations, mathematical model for two-echelon inventory system is developed. P mi : Production rate for the ith item (decision variable) Q n i : Production lot size for the ith item (decision variable) for n th shipment
is the cost component includes the raw material cost. This component is independent of production rate G mi (G mi > 0) is the cost of labor, energy etc. This component per unit item decreases with increase of production rate B mi (B mi > 0) is the cost of tool, die etc. This component per unit item increases with increase of production rate w mi : Selling price per unit of the manufacturer for ith item w ri : Selling price for good quality item per unit item of the retailer for ith item w ri : Selling price for poor quality item per unit item of the retailer for ith item h f i : Holding cost per unit per unit time of the finished product for ith item h ri : Holding cost per unit per unit time of the raw product for ith item S i : Shortage level for the ith item (decision variable) C si : Back ordering cost per unit per unit time of time for ith item C Li : Lost sale cost per unit per unit time of time for ith item A mi : Setup cost of the manufacturer for ith item for each setup A ri Ordering cost of the retailer for ith item for each order
Demand rate for ith item where 
Formulation of Mathematical Model for Two-Echelon Supply Chain
Here we consider a two-echelon system with one manufacturer and one retailer. Manufacturer produces 'm' different items and distributes it to the retailer. Demand of customers is satisfied from retailer end. Demand is considered as the function of selling price and the promotional effort taken by the decision makers.
Formulation of Mathematical Model for Manufacturer
In this model, a multi-item reliability-dependent imperfect production system is considered. Production process starts with the raw materials of order lot size Q n i for ith item. 'm' different items are produced at a rate P mi . Here, two different processes go simultaneously. One the inventory level of raw material for ith item decreases with production rate P mi and it reaches to zero at time t 1 and other is that the finished product for ith item piles up at the rate of P mi . Therefore, the differential equation for raw material inventory level I ri (t) regarding i-th item representing above system during t 1i is as follows.
With boundary condition I ri (0) = Q n i and I ri (t 1i ) = 0. On solving the above differential equation with the help of boundary condition we get
Using the condition I ri (t 1i ) = 0, we get
Holding cost for raw material for the
Similarly, holding cost for the finished product for the ith item
. Manufacturing cost of Q n i units for the ith item = M i (P mi )Q n i . Setup cost for the manufacturer for the ith item per setup = A mi . Sharing cost of the promotional activity for the ith item = γ i K i N i . Therefore, the manufacturer's total inventory cost for the ith item is the sum of holding cost of raw material and finished product, manufacturing cost, setup cost and sharing cost of the promotion activity.
Revenue from selling the Q n i unit of ith item is
Profit of manufacturer form selling the ith item is
Hence, the average profit per unit quantity for the manufacturer is
Formulation of Mathematical Model for Retailer
In the retailer channel, inventory cycle starts with shortages and continues up to time t i0 . These shortages are due to time gap between placing the order and receiving the order. At t i0 , the order of lot size for the ith item Q n i is received. In these items good as well as poor quality of items are present. To maintain their goodwill in the market, retailer starts the screening process at the rate x i as soon as he receives the order. It is assumed that the screening rate is greater than the demand rate of the customer. After the completion of the screening process it is found that out of Q n i items (1 − p i (n))Q n i is of perfect quality and p i Q n i is poor quality items. Items of poor quality are sorted, kept in stock and sold at a salvage value prior to receiving the next shipment. To meet total shortage S i at the time t i0 , the following inequality must be satisfied:
During the shortage period [0,t i0 ], the demand δ i D i of ith item is satisfied at the time t and rest of the demand (1 − δ i )D i is not satisfied.
The inventory level of ith item during the shortage period is represented by the following differential equation.
With boundary condition I i (0) = 0 and
On solving equation (3.5) by using the boundary condition, we get
Using the condition S i = −I i (t i0 ), we get
Back ordering cost for the
Lost sale cost for the
The differential equation for ith item during positive inventory level is as follows
On solving equation (3.8) by using the boundary condition, we get
Using the condition I 1i (t i0 + t i1 ) = 0, we get
Holding cost for the
Ordering cost for the ith item = A ri . Purchasing cost of Q n i unit for the ith item = w mi Q n i . Screening cost of Q n i unit for the ith item = X i Q n i . Sharing cost of the promotional activity for the ith item
Therefore, the retailer's total inventory cost for the ith item is the sum of holding cost of good and poor product, ordering cost, purchasing cost, screening cost, sharing cost of the promotion activity, back ordering cost and lost sale cost
Revenue from selling the Q n i unit of ith item T R Ri = w ri (1 − p i (n))Q n i + w ri p i (n)Q n i . Profit of retailer form selling the ith item
Hence, the average profit per unit quantity for the retailer is
Formulation of Mathematical Model for Centralized System
Now, our objective is to find the optimal value of Q n i , P mi and S i that maximized the total profit of the two-echelon integrated system which is the sum of profit of the manufacturer and the retailer. Hence total profit of the two-echelon integrated system is
Now, we consider the following strategies of the supply chain in a centralized system.
Integrated Approach
In this case we assumed that both the player of supply chain i.e., manufacturer and retailer work as a single entity. Objective is to find the optimal value of Q n i , P mi and S i so that value of total profit T P(Q n i , P mi , S i ) of integrated system is maximum. Now, differentiating T P(Q n i , P mi , S i ) with respect to Q n i , P mi , and i , we obtain
Necessary conditions for optimality are
From equation (3.23), we get
From equation (3.24), we get
On putting the values of P mi and S i from equation (3.25) and (3.26) in equation (3.22), we get an equation with unknown Q n i . This equation can be solved by using numerical method.
Sufficient condition for the optimality is that the eigen values of the following Hessian matrix are negative.
i.e., Hessian matrix is negative definite at the solution ((Q n i ) * , P * mi , S * i t).
Leader-follower Relationship
In this case we assumed that manufacturer is a leader and the retailer is follower. First, manufacturer determines the optimal production rate P mi and optimal lot size Q n i so that its profit is maximum. After that retailer decides the optimal level of shortage quantity S i so that its profit is maximum.
Manufacturer profit function is
Now, differentiating T P M (P mi , Q n i ) partially with respect to P mi and Q n i , we getx
Necessary condition for the optimality of T P M (P mi , Q n i ) are
From equation (3.32), we get
From equation (3.33) using (3.34), we get
On solving above equation, we get the value of Q n i and then from (3.34) we get the value of P mi .
Sufficient condition for the optimality is
Now retailer tries to find the optimal value of S i for the given value of ((Q n i ) * , P mi * ) so that its profit function is maximum. Retailer's profit function is
Differentiating above profit function with respect to S i , we get
Necessary condition for optimality is
Numerical Illustration
In this section, applicability of proposed model has been illustrated with the help of numerical example.
In our numerical example, we consider that manufacturer produces three different items and distributed to the retailer. Values of model parameters with appropriate units are as follows: Table 1 Using above data, optimal solution of two echelon system when manufacturer and retailer works as single entity is as follows: Using above data, optimal solution of two echelon system when manufacturer is leader in supply chain and retailer is follower in the chain. From the above two table it is observed the total profit of supply chain (per unit) is higher in case of integrated approach in comparison to the situation of leader-follower approach. In case of leader-former, per unit profit of manufacturer is higher in comparison to integrated approach but per unit profit of retailer is lower than the integrated approach. Hence we can say that overall integrated approach is better than the leaderfollower approach. Now, it is all upto the manufacturer and the retailer how they agree to form the supply chain.
Sensitivity Analysis
To analyze the effect of the change to the model parameters on the optimal solution, a sensitivity analysis is preformed. Figure 3 , Figure 4 and Figure 5 shows the effect of learning on the lot-size of 1st, 2nd and 3rd items respectively. Figure 3 shows that graph for g i = 3 is horizontal after n = 4 so as the learning rate is increases saturation level of lot-size is reached faster. Figure 4 shows that graph for g i = 3 is horizontal after n = 4 so as the learning rate is increases saturation level of lot-size is reached faster. Figure 6 shows that graph for g i = 3 is horizontal after n = 4 so as the learning rate is increases saturation level of profit is reached faster.
Learning Effect on Optimal Solution
So form discussion it clears that if the attitude of manager is of high learning from the past, the company will grow faster. If 'g i ' is considered as a proxy for attitude and managerial capacity of a manager then it shows that higher level of 'g i ' helps in faster growth of the company.
Effect of frequency of Advertisement on Optimal Solution
From Table 5 , it is observed that as the frequency of advertisement increases demand of the production increase due to this lot-size and production rate increases but due to increase in the advertisement cost, profit per unit of supply chain decreases. As the raw material cost increases the total profit of the supply chain decreases and change in raw material produces no effect on optimal values of production rate, lot-size and shortage quantity. Due to increase in labor cost production rate increases and hence unit manufacturing cost decreases. Production rate decreases due to increase in the value of tool/die cost. Total profit of the supply chain is sensitive with respect M mi , G mi and B mi but highly sensitive with respect to M mi and least sensitive with respect to G mi . So while making decision, decision maker should pay special attention on raw material cost.
Effect of Setup Cost and Ordering Cost on Profit of Echelon System
From Figure 7 it is observed that total profit of the supply chain is sensitive with respect to the setup cost and ordering cost. They are negatively correlated to each other means by increasing these values profit of the supply chain decreases. Figure 8 that as the values of holding cost of raw material and finished product increases total profit of the supply chain decreases. Profit is highly sensitive with respect to holding cost of finished product in comparison to the holding cost of raw material. So decision-maker has to pay special attention regarding the holding cost of finished while developing policy for supply chain and try to keep it as low as possible. 
Effect of Holding cost of Raw material and finished Product on Profit of Echelon System It is observed from
Conclusion
In this paper, a multi-item imperfect production model for two-echelon supply chain model consisting one manufacturer and one retailer is developed. Demand rate is the function of selling price and frequency of advertisement. Production rate, lot-size and shortage quantity are taken as decision variables. Two different strategies are opted to maximized the total profit of supply chain. In first case we obtain the optimal solution when both the player worked as single entity and in other case we assume that manufacturer is a leader and retailer is a follower. Form numerical analysis it is observed that integrated approach is better than the leader-follower approach as per unit profit is more in case of integrated approach.
The major contribution of the proposed model is the consideration of learning phenomenon in percentage of defective items present in each lot, partial backordering, volume flexibility, screening process, and advertisement and selling price dependent demand rate in one multi-item production-inventory model for a two echelon supply chain model. Although literature contains many model but this work enrich the literature to this line of research. As far as our knowledge is concern this type of supply chain model is not published by any researcher.
From the numerical analysis it is observed that optimal solution of the problem are highly sensitive with respect to raw material cost, labor cost, tool/die cost, setup cost, ordering cost, holding cost of raw material as well as finished product. Profit of the supply chain is highly sensitive with respect to different component of unit manufacturing cost while least sensitive with respect to setup cost and ordering cost. So while making the inventory policy decision-maker pay special attention on the cost of manufacturing in comparison to the other costs.
It is observed that profit is sensitive with respect to the learning effect in percentage of defective items present in each lot. As the percentage of defective item decreases, due to learning effect profit increases with the increase of number of shipments. It shows that profit is very sensitive with respect to learning effect on percentage of defective items present in each lot. A manager can improve the profit of organization by focusing on learning factor in place paying too much attention on other issues which may not have so much significant contribution in profit.
From the numerical analysis it can conclude that the frequency of advertisement and profit of supply chain are positively correlated to each other. So, it can be summarized that if the decision-maker properly selects the mode and frequency of advertisement than their organization has competitive advantage over the other organization. Hence the decision-maker of every organization must pay attention to this to capture the untouched demand of the market while deciding the inventory policy.
In future research the impact of stochastic learning curve on the above models can be discussed. Another interesting factor would be to consider is trade credit offered by manufacturer to the retailer for strong long term bonding of supply chain. By considering impreciseness in different cost and taking different form of demand patterns, this research work can be extended to capture more realistic situation of inventory problems.
